Ballooning modes are usually the most dangerous ideal MHD instabilities in stellarators, but the unstable ballooning modes often have such short perpendicular wavelengths that finite Larmor radius effects are sufficient to stabilize the plasma. We use semiclassical techniques to analyse this effect. In tokamaks the ignorable toroidal coordinate leads to a simple quantization of the ballooning mode, but this is not the case for stellarators. The ballooning mode dynamics in a stellarator model may possess a separation of timescales, in which case the system is integrable and quantization is straightforward, but we also present a method for determining marginal stability which is applicable to the non-integrable case.
Introduction
There are obvious physical reasons for considering the finite Larmor radius (FLR) stabilization of the ideal MHD model, but there is also a compelling theoretical reason: MHD theory lacks an intrinsic scale length. This can be seen, for example, in the local dispersion relation for shear Alfvén waves in the interchange ordering, which is asymptotically independent of the wavelength perpendicular to the magnetic field. The lack of a scale length can frustrate global MHD stability analysis: it is not always possible to define discrete eigenfrequencies or to find smooth wave modes. In axisymmetric systems, shear Alfvén waves of different toroidal wavenumbers n do not couple together and only a finite number of Fourier harmonics with varying poloidal wavenumbers m make a significant contribution to an unstable mode, and a discrete spectrum of smooth unstable ballooning modes can be found. However, in non-axisymmetric systems, modes may couple both toroidally and poloidally, and the infinite number of Fourier harmonics with small |m/n − q| can in general be coupled together, so that singular angular variation is possible. In [1] ideal MHD ballooning modes were studied in a fully three-dimensional configuration: for some cases toroidal coupling entirely confounded quantization, but even where it was possible to extract a quantization condition, the eigenmodes were predicted to be singular functions of the poloidal angle. Such generalized eigenmodes cannot be directly interpreted as motions of a real plasma; they arise here because the system can transport wave energy to arbitrarily short wavelength. This is not unusual: a well-known example of this kind of energy transport occurs in a stable cylindrical plasma with a radially varying Alfvén frequency, where an initially smooth perturbation evolves into a state with strong radial variation as the Alfvén modes dephase. At some point in this evolution, the wavenumber will grow large enough that the ideal MHD model becomes inadequate. In order for the model to be valid as t → ∞ (which is the relevant limit for the eigenmode picture) non-ideal effects need to be included. Such effects desingularize the problem by introducing a (physical) wavelength cutoff and may lead to a stabilization or destabilization of the plasma.
For tokamaks a straightforward semiclassical analysis is enough to find the eigenmodes and eigenvalues of kinetically stabilized ballooning modes; the toroidal symmetry leads to a good quantum number, and the rest of the dynamics occur in a one degree of freedom Hamiltonian system, which is necessarily integrable. In a nonaxisymmetric mirror configuration [2] , it was shown how semiclassical quantization could be extended to systems lacking a continuous spatial symmetry if a separation of timescales in the ray dynamics exists, so that the problem is nearly integrable. We extend the analysis to the regime where there is no separation of timescales and chaos is present in part or all of the phase space.
For systems whose semiclassical ray orbits exhibit even quite substantial non-integrability, it has been shown that near-integrable semiclassical theory can provide very good estimates of eigenvalues [3] . The non-integrability does not need to be neglected, and the parameters which enter the formula can be easily and accurately measured. These refinements to semiclassical theory are described in detail by 0029 -5515/06/040477+10$30.00 © 2006 IAEA, Vienna Printed in the UK texts such as [4] [5] [6] . We apply this technique to a system in which almost half the semiclassical phase space is ergodic.
One of the signatures of strong semiclassical chaos is in the more subtle features of the spectrum, such as those predicted by random matrix theory. This is the topic of [7] , where they find that the eigenvalue spacing probability distribution function of a numerical ideal MHD spectrum agrees with random matrix theory for at least one mode family. However, for the purpose of marginal stability analysis, sufficient information about the distribution of eigenfrequencies in the strongly chaotic case can be derived by applying the Weyl estimate; this was utilized in [8] as a tool for ballooning mode stability analysis. In that paper an artificial cutoff was introduced, intended to model finite resolution in numerical studies of ballooning stability; we consider the more physical case.
We begin the analysis by reviewing the drift stabilized MHD model (section 2). We then construct the semiclassical formalism by Lagrangian analysis (section 3) and consider some further details in section 4. As an example of the application of this formalism, we (section 5) consider a specific plasma configuration of the H-1NF stellarator [9] , for which a class of toroidally and poloidally localized ballooning modes exist and perform a ray tracing analysis to explore the regular and chaotic dynamics of the semiclassical rays. Section 6 explores the topology of the KolmogorovArnold-Moser (KAM) surfaces in the integrable case, and section 7 demonstrates how the Weyl estimate of the number of quantized modes may be applied in the chaotic case. We then perform a quantization of the mixed regime in section 8.
Kinetic ballooning modes
The ballooning mode formalism is structured around the observation that many of the most dangerous unstable MHD modes are flute-like. The form of such perturbations can be captured by the semiclassical representation: (1) with η ⊥ varying slowly and S varying rapidly across the field lines. We use the standard ballooning coordinate system described in [1] where the flux surface is parametrized by a poloidal angle θ and the field line label α. The field line label α runs between 0 and 2π over one toroidal traversal of the device. The choice of the safety factor q as the radial coordinate is also standard, as it simplifies the analysis. We are interested in flute-like modes, and can thus specify B · ∇S = 0, and define a perpendicular wave vector k ⊥ = ∇S = k α ∇α +k q ∇q. Because the phase is constant on any field line, the phase fronts are sheared with the magnetic field as we proceed along a field line; θ k = k q /k α is the poloidal angle where the local ballooning phase fronts are perpendicular to ∇α.
The ideal MHD energy can be systematically minimized by expanding η ⊥ in terms of the small ordering parameter, 1/|k ⊥ |a, which is the ratio of the wavelength to the system scale length. This ordering allows the minimization to be considered separately on each field line; the corresponding minimizing perturbations are usually constructed through the Euler-Lagrange equations: provided the plasma is Mercier stable, these ballooning eigenfunctions are normalizable [10] .
To satisfy the toroidal and poloidal periodicity the solution is considered on a covering space, rather than on the torus itself [1] .
In order to account for effects beyond ideal MHD, the ballooning ordering can be applied to more general plasma models. In particular, we utilize the results of [11] , where the ballooning ordering is applied to the Maxwell-Vlasov equations and various limits are taken. Two separate effects are present in the kinetic ballooning model, corresponding to the trapped particle effects and the finite-gyroradius term. For modes with moderate toroidal wavenumber, it can be shown that the dominant non-ideal effect is the stabilization due to the diamagnetic drift. We will ignore the relatively small additional stabilizing effects of the curvature drift. In this regime, the kinetic ballooning equations are given in terms of the ideal MHD ballooning equation by the replacement:
as in [11] (where the notation is slightly different) or [2] , where
is the diamagnetic drift frequency for the wave under consideration. We define the flux surface quantity * such that ω * = − * k α . On each field line this kinetic effect is equivalent to a simple frequency shift and the eigensolution of the ballooning equation along the field line is not modified by kinetic effects: we can calculate the local kinetic growth rates from the ideal growth rates by substituting equation (2) into the local ideal MHD dispersion relation. The region of ideal MHD instability is commonly fairly radially localized and, since ω * varies on the equilibrium scale, it is set to a constant for the purposes of our analysis.
Semiclassical analysis of kinetic ballooning modes
The formal semiclassical quantization of a system begins with the calculation of the dispersion relation; the next step is to determine the ray equations which govern the transport of the local phase and the equation which governs the transport of the amplitude. The ray and amplitude equations can be determined from general considerations [12] for any wave equation which admits an integral form, and in particular for the differential equations which we are interested in. The wave equation which is relevant here is the linearized form of the Vlasov-Maxwell equations, but we use the approximate dispersion relation given by the ballooning ordering. The semiclassical ray equations for the wavenumber k and position x can be expressed through
and
The timelike variable τ has no special significance and can be reparametrized if necessary. The same method [12] can be used to find the amplitude evolution, but we choose to derive the amplitude evolution via Lagrangian techniques, which links our work with previous analyses, such as that of [1] . The Vlasov-Maxwell equations can be derived via a variational principle [13, 14] , and this implies the existence of several conserved quantities. We consider (but do not explicity derive) a bilinear Lagrangian density L on the position space x which has been derived by linearizing about an equilibrium and reducing the momentum space description to a finite dimensional space, so that the configuration can be described by a vector field η (which typically contains the components of the fluid displacement). Using the notation of [15] , we can express the conservation conditions in terms of L as
with
x 0 = t and (
There is an implied sum over indices which appear in pairs. The Lagrangian density L is usually a function of x, η and ∂η/∂x and derivatives of η with respect to time; the total derivative in equation (6) takes into account the x dependence of η and its derivatives in the Lagrangian density. We are interested in the µ = 0 component of equation (7) which is typically associated with energy conservation. We show how this leads to a conservation of wave action for systems in which the Lagrangian can be (approximately) minimized by a semiclassical trial solution of the form
with wavevector defined by k = ∇S. The slow variation along the field can be captured entirely by the functionη, so we set k · B = 0 and specialize in flute-like modes. The semiclassical ordering applies across the field line so that we can rewrite the Lagrangian using ∂η ρ /∂x ν ik ν η ρ for ν ∈ 1, 2. Expanding the µ = 0 component of equation (6) leads to
with the full derivatives acting on the spatial derivatives of k α and k q as well as any explicit q and α dependence of the Lagrangian. When the configuration is Mercier stable [16] , the solutionsη(r) asymptotically tend to zero along the field lines. In this case we can integrate along the field line to find
whereL is the field-line-integrated Lagrangian. The field line ballooning equations of the drift modified model are those of the ideal MHD model with the substitution given by equation (2) . The field line eigensolutionsη can therefore be constructed from the ideal MHD ballooning eigenfunctions usinĝ
In order for our Lagrangian to be consistent with these eigensolutions we requireL[η(
. We choose the conventional normalization of [1] for the ideal MHD ballooning eigenfunctions,
For normalized kinetic ballooning eigensolutions we have
For notational convenience we define σ = (2ω − * k α )/2ω. The semiclassical solution in configuration space is
where we use the notation a q = a q (α, q) for the amplitude in configuration space. An analogous representation is possible in momentum space with amplitude a p = a p (k α , k q ).
Minimizing the Lagrangian with respect to the wave amplitude givesL[η] = 0; we can then insert the definition of the semiclassical solution (equation (14)) into the Lagrangian to find the relations
since the Lagrangian is bilinear and the phase and amplitude factor out. Equation (10) can then be expanded in its original form or with the order of differentiation swapped to give conservation conditions both in momentum and configuration space,
This can be used to determine the time evolution of the amplitudes along the ray determined by equations (4) and (5),
or da
where v g = (∂ω/∂k q , ∂ω/∂k α ) is the group velocity. There is an equivalent expression in momentum space for a 2 p , with v g → (∂ω/∂q, ∂ω/∂α). These two expressions for amplitude evolution are well behaved except at caustics, where the divergence will be singular. Fortunately, the caustics in momentum and configuration space do not coincide [4] , so at any point along the ray, one of the descriptions is valid. The amplitude can then be determined everywhere along the ray, using the Fourier transform to go between the momentum and the configuration space descriptions as required.
Now that we have a semiclassical description of the wave problem, we can find approximate solutions of the exact wave problem in the short wavelength limit. The form of the amplitude and phase evolution is standard, so it is possible to apply the standard techniques to perform semiclassical quantization. In the integrable case, approximate eigensolutions are found via Einstein-Brillouin-Keller (EBK) quantization; in the chaotic and near-integrable case, it is necessary to consider trace formulae, based on periodic semiclassical trajectories.
A quantization of integrable systems in terms of periodic orbits was provided by Berry and Tabor [17, 18] .
For near integrable systems, the theory was extended by Ozorio [4] to include the effects of resonances which break the invariant tori, although the practical application of the theory was limited because of the strict conditions for the application of this theory. A simple and accurate method for applying the corrections was then derived [19] : this method was applied to the hydrogen atom in a magnetic field [3] and will be the basis of our analysis of ballooning mode quantization.
Practical considerations for semiclassical quantization
The drift stabilized MHD ballooning model has a dispersion relation of the form
The term * models the drift stabilization and will be taken to be constant across the plasma volume for the sake of simplicity. ω 2 MHD ∈ R is a function of (α, q) and θ k = k q /k α , being the most unstable eigenvalue of the ideal MHD ballooning equation. ω 2 MHD is negative in MHD unstable regions. The ray equations for this dispersion relation arė
with θ k = k q /k α . An important feature of these equations is that there is a scaling transformation (k α , k q , α, * , q) → ( * k α , * k q , α, 1, q) which conserves the ray trajectories up to a time reparametrization τ → * τ : all our explicit ray tracing is performed in this scaled system. The phase along equivalent rays with varying * scales as 1/ * . The structure of the dynamics is independent of this scaling, which considerably simplifies the semiclassical analysis, and makes it reasonably straightforward to find mode spectra in * . A hypothetical spectrum of modes found by an eigenvalue analysis of a drift stabilized MHD model, in terms of the frequency ω and the drift stabilization parameter * . The asymptotic behaviour * ∝ 1/ω in the limit ω → 0 and * ∝ ω in the limit ω → ∞ is suggested by the Weyl formula (see section 7). Each point on the solid lines is associated with an eigenfrequency of the system for some * . The spectrum of mode frequencies for a particular value of * is given by the intersections of the solid lines with a dashed horizontal line, with points at the eigenfrequencies. For * < 4, modes disappear from the real spectrum in pairs as the stabilization effect is reduced. This value corresponds to marginal stability.
One practical complication to applying semiclassical analysis is that the dispersion relation has no real solutions for ω when (k α * ) 2 + 4ω 2 MHD < 0; this region of phase space is ideal MHD unstable and has small wavenumber k α . We avoid any consideration of complex phase space by considering only modes of real frequency and inferring the existence of complex frequency modes when these modes 'annihilate' in pairs (see figure 1 ). Growth rates of slightly unstable complex modes can be found if needed by analytical continuation of the mode frequency.
The most unstable global modes of this model are strongly spatially localized in the region with the most unstable local modes but have wavelengths as large as possible to reduce the stabilization effect at small wavelength; their spatial extent is therefore of the order of the mean wavelength in some directions. For this reason, semiclassical analysis, which is derived in the limit where the wavelength is much smaller than any other spatial variation, is not rigorously justifiable. However, semiclassical quantization of systems often gives surprisingly good results even where the wavelength is of the order of the other scale lengths. For example, in two typical analyses [3, 20] , the error even for the first eigenmode was within a few per cent of the average spacing between eigenvalues.
An application of the semiclassical theory to the H-1 stellarator
The H-1NF heliac [9] is one of several stellarators that are not amenable to toroidally averaged calculations due to their strong helicity. There are several classes of ideal MHD ballooning modes that may exist in H-1NF equilibria, according to their toroidal and poloidal localization: we consider the most unstable and most localized class of modes of the H-1NF equilibrium studied in [8] , which has β 1% and a somewhat peaked pressure profile. These modes are localized toroidally, poloidally and radially, so that their amplitudes are strongest around a point inside the plasma on the outboard side of the magnetic axis. The primary object of our investigation is to find the marginal stability criterion or, equivalently, the frequency of the most unstable mode. The value of β is chosen so that the ideal MHD unstable ballooning regions are localized toroidally, but occupy a substantial fraction of a field period. This is an interesting case because the constant ω 2 MHD surfaces of ideal MHD instability, while topologically spherical, are strongly shaped near marginal stability, and the marginally stable modes propagate in a reasonably large volume of the plasma: such moderate scale instabilities are believed to be the most likely candidate for a stability limit in stellarators (figure 2). The limiting case, where the region of ballooning instability becomes very small, is also of interest because it corresponds to the marginal stability limit for * → 0.
To begin the analysis, we determine the ideal MHD local ballooning dispersion relation by integrating the ballooning equations along the field lines of the finite-beta computed equilibrium. For this case, the region of interest is in the neighbourhood of the most unstable spatial position. The dispersion relation is calculated on an evenly spaced grid in (α, q, θ k ), and then a low-order polynomial fit is found which is accurate around the most unstable point in the plasma. This provides a fast evaluation of the dispersion relation and thus allows an efficient solution to the ray equations.
In [8] , an MHD model with an artificial wavelength cutoff is considered: the cutoff is intended as a simple model for some FLR stabilization effect or as a proxy for the effect of finite numerical resolution in an ideal MHD stability code. We use a physical FLR stabilization term, which is smoother in some sense than the wavelength cutoff used in [8] and tends to suppress the ray chaos. This suppression can be clearly seen in a comparison of the two methods for the parameters considered in [8] : rather than the ergodic ray orbits found there, we find that the phase space is almost entirely filled by nested KAM surfaces (see figure 3(a) ).
To access the regime where the ray equations lead to chaos, we allow some of the parameters in the polynomial form of our dispersion relation to vary. We do not relate this directly to the variation in an experimental control parameter: a more complete study would determine the dispersion relation throughout the configuration space of H-1NF. Instead, we consider the generalized dispersion relation to be typical of ballooning stability about the most unstable point in a strongly shaped plasma. In the dispersion relation we make the replacement ω MHD (θ k , α, q) → ω MHD (θ k /c, α, q), where the artificial control parameter c allows us to control the sensitivity of the dispersion relation to the position of the mode along the field line. In the integrable case, the ratio of the two timescales is approximately proportional to c, so that we expect the separation of timescales to break down for some c.
We examine values of c ∈ [1, 4], permitting ray orbits which display chaotic, mixed and integrable behaviour. In particular, we integrate the ray equations (equations (23)- (26)) in the space (k α , k q , α, q) for the values c = 1, 1.5, 2, 2.5, 3 and 4, using standard numerical techniques. Because the rays propagate on a three-dimensional surface, they are difficult to visualize, and it is more useful to consider the Poincaré plots generated by the intersections of these rays with a 2D surface. In order to visualize this Poincaré surface, we map it onto the 2D plane of the plot with a one-to-one function, so that distinct features do not overlap. The Poincaré punctures of rays on KAM surfaces lie on curves, whereas those in the ergodic region fill an area of the plane as they propagate. Figure 3 shows the intersections of the rays with the surface α = 0, demonstrating the transition between the case where almost all the phase space is occupied by KAM tori (c = 1) and the case where only a few small remanent tori are present (c = 4). This transition is typical of a Hamiltonian system with an incomplete set of conserved quantities.
In the almost-integrable case c = 1, there is only a very small chaotic region of phase space, due to the existence of a separation of timescales, as in [2] , where the ballooning stability of a magnetic mirror device was considered. In our case, the ray dynamics consist mostly of a fast oscillation in the (q, k q ) plane and a slow oscillation in the other direction. Quantization can be achieved by finding the two action integrals on the KAM tori, although because of the separation of scales it is a reasonable approximation to consider only one of the integrals.
In the mixed case, where there is no large separation of timescales, this approach fails. However, it is possible to analyse these near-integrable systems in the semiclassical approach, and we demonstrate a quantization for the case where c = 2 and half the phase space is ergodic. The chaotic motion here can be thought of as a diffusive motion across the phase space, rather than a fast mixing of the trajectories: this is the kind of chaos present in stellarator magnetic fields just outside the last closed flux surface.
For the almost completely ergodic case, the structure of the dynamics becomes more complicated and can no longer be approximately separated into two separate oscillations. We therefore do not attempt to extend the previous analysis to this case. Also, because there are remanent KAM surfaces even in the case where c = 4, we would expect the structure of the spectrum to deviate from the predictions of random matrix theory somewhat, which is only rigorously applicable in the case where the whole phase space is ergodic. Nevertheless, the Weyl estimate for the first unstable mode, as described in section 7, should still be reasonable in this limit where there is no strong separation of timescales. 
The topology of the KAM surfaces
In the integrable case the KAM surfaces of our semiclassical system are qualitatively similar to the torus shown in figure 4 . Because of the scaling transformation described in section 4, the shape of these KAM surfaces is independent of * , except in the case * = 0 (which is the Ideal MHD case), where these surfaces can no longer be defined (the ray simply escapes to large k α , rather than tracing out a surface). The two loops C1 and C2 shown there can be used to quantize any such surface, leading to two quantization conditions,
The two Maslov indices µ 1 and µ 2 arise because the projection onto configuration space shown in figure 4 is multivalued, and it is necessary to determine matching criteria between the various C2 C1 q α Figure 4 . The (topologically toroidal) KAM surface associated with an integrable semiclassical ray of our model ballooning system with c = 2, projected onto configuration space. Two topologically distinct irreducible loops C 1 and C 2 are shown on the surface: any other loop can be generated by tracing a curve around M 1 loops of C 1 and/or M 2 loops of C 2 and then deforming the curve on the KAM surface.
sheets of this projection. They can be determined by counting the number of caustics which the irreducible loops cross. For this case both the loops have two crossings with positive sign so that µ 1 = µ 2 = 2.
The Weyl formula as an estimate for marginal stability
The Weyl formula gives an asymptotic estimate for the number of quantized modes below some frequency ω based on the volume of phase space enclosed by the constant ω contour:
This formula does not rely on the system being integrable. We can obtain a rough estimate for the lowest frequency mode by setting N = 1/2. Some simple examples [21] demonstrate that this estimate is reasonable except where a strong timescale separation exists; and in that limit EBK quantization can be applied.
A standard derivation of the Weyl formula requires that the dispersion relation be real. For this reason, we consider the spectrum of ballooning modes not with respect to the frequency ω but with respect to the drift stabilization parameter * : the relevant dispersion relation, E = * (ω, θ, k α , α, q), is real for real (θ, k α , α, q), as can be demonstrated by solving equation (22) . The Weyl estimate for the number of modes in the spectrum of * above i0 is then the volume of phase space enclosed by the contours * = ∞, * = i0 :
where
and H is the Heaviside step function. Proceeding with the integration we have
where the volume S is all (q, α, θ) for which ω 2 MHD (θ, q, α) < ω 2 , and we have defined a normalized volume V (ω). The highest quantized value of * is approximated by setting N Weyl 1/2, and therefore
for this mode. The marginal stability condition is then found by requiring 
A quantization of the mixed regime
It has recently been shown [3] that it is possible to accurately determine semiclassical spectra even in systems which have near-integrable or mixed regular chaotic dynamics. Extensions of the Berry-Tabor formulae [17] to near integrable systems [4] have allowed the systematic determination of effects of the breakup of KAM surfaces on the quantum spectrum. This leads to a very simple criterion for determining how much our spectrum will differ from the spectrum of a nearby integrable wave equation; the criterion can be expressed in terms of the difference in action between the pairs of orbits which survive the breakup of KAM tori. For our model with c = 2 we are well into the mixed regime of behaviour, where almost half of the phase space is traced out by ergodic orbits. For this parameter regime, it is still possible to describe the dynamics in most of the phase space in terms of two more or less separate oscillations, even well into the ergodic region. It is therefore reasonable to consider this system as a perturbation to a nearby integrable system. Rather than explicitly finding this nearby system, we proceed based on knowledge of quantities calculated on periodic orbits in the phase space, as in [3] .
In an integrable two-dimensional system, the conserved frequency, ω, can be expressed in terms of the two independent actions on the KAM tori, I 1 and I 2 , as ω = H (I 1 , I 2 ) . The actions are associated with loop integrals around the two independent angles on the corresponding tori, which can be rather difficult to construct for integrable systems and are difficult to even define in the chaotic region of a near-integrable system. In order to calculate the actions of these tori in our mixed system, we use the method of [19] to find the inverse of ω, the function g E (I 1 ) = I 2 , by considering the parameters of the pairs of periodic orbits which survive the destruction of a resonant torus M. The relevant primitive periodic orbits (stable (s) and hyperbolic unstable (h)) are specified by the winding numbers M 1 and M 2 , and their parameters are related to the function g via 
the difference between the scaled actions, and D s and D h the monodromy matrices of the two orbits (table 1) . Equation (37) becomes exact in the limit of an integrable system. We also follow [3] in applying equation (37) deep into the chaotic regime where there are very few stable orbits. The remnants of the broken tori are present in the strongly chaotic phase space as pairs of unstable orbits, one hyperbolic and one inverse hyperbolic. It is natural to treat these pairs of orbits in just the same fashion as those in the near-intergrable region, and the resulting quantization is very accurate [3] . For our purposes it will suffice to apply a simple EBK quantization, rather than considering the Berry-Tabor formula: the two formalisms are equivalent, and we will not need the full generality of the trace formulae.
The action of each orbit s = M 1 I 1 +M 2 I 2 and the quantity g are used to find the actions I 1 and I 2 . We have the winding number q = M 2 /M 1 = −∂I 1 /∂I 2 from the conservation of action, implying that
We can then solve for I 1 and I 2
since I 1 (q 0 ) = 0 for our tori.
The main numerical task is the determination of a representative set of periodic orbits and their associated actions, winding numbers and monodromy matrices. Because of the (stellarator) symmetry ω(θ, x α ) → ω(−θ, −x α ), a large number of the periodic orbits intersect the line (θ, x α ) = (0, 0) (in particular, those for which M 2 = 1), simplifying the search for periodic orbits considerably. In the integrable region of phase space it is possible to find periodic orbits by seeking rational values of the winding number and visually inspecting the structure of the broken tori. The fixed points can then be iteratively refined. Because we need to find only a small number of relatively short closed orbits, this simple approach is sufficient, unlike, for example, in the evaluation of Gutzwiller's trace formula, where it is often necessary to find a very large number of long closed orbits using sophisticated techniques.
Relatively high numerical accuracy is necessary for some of the calculations, especially for the calculation of the phase difference in the 10/3 resonant fixed points, which is smaller by seven orders of magnitude than the average phase. The fourth order Runge-Kutta algorithm which we used is fast enough to produce these results interactively to the precision indicated by the number of significant figures shown. The difference between the actions of the two remnant orbits s is very small (<2 × 10 −3 ) for all the orbits we have considered here. A complete analysis would consider the effects of these phase shifts on the semiclassical quantization by using the extension of the Berry-Tabor formula to near integrable systems. But for small phase shifts, s, the use of the Berry-Tabor formula in near-integrable systems seems to be a good approximation [3] . Even without considering the corrections due to broken tori, the quantization of [3] is accurate to within a few per cent for most of the mode frequencies. The maximum phase splitting in [3] is ω s = 0.44; the phase splitting of the periodic orbits considered here is no larger than 0.04 for the frequency of most interest (the first semiclassical frequency), which should be inconsequential.
We therefore proceed with our simple quantization and determine the quantity g on each of the orbits using equation (39). g and s/M 2 are smooth functions of winding number, and we interpolate between these data points with a cubic spline to calculate the approximate values of the two functions in the full range of winding numbers, which are plotted in figure 6 . We then integrate to obtain the actions I 1 and I 2 ( figure 7) .
The quantization is completed by requiring that the actions I 1 = (2n 1 −1)π * and I 2 = (2n 2 −1)π * . The mode with the lowest frequency has n 1 = n 2 = 0 and I 1 /I 2 = 1 and occurs at q = M 2 /M 1 = 4.45 with scaled action I 1 = I 2 = 0.0682. We then have * = 0.0682/π = 0.0217 (there was an arithmetical error in this quantity in [21] ). The Weyl estimate for the scaling parameter is given by equation ( somewhat different from that given by the EBK quantization, but it still gives a rough guide to the magnitude of this drift stabilization.
Conclusions
Strongly localized ballooning modes are often the first instabilities to become evident in a fusion device such as a stellarator and can also be important in space and astrophysical plasmas. The ideal MHD limit indicates that a region of the plasma becomes unstable as soon as the local stability analysis yields a negative ω 2 MHD . However, the theory predicts that the unstable modes are singular and the linear dynamics are not well represented in terms of the exponential growth of a single mode. We have considered a drift-stabilized model, which is often more physical: the ideal MHD limit can be approached by setting * → 0. In this model discrete spectra and smooth eigenmodes can be recovered.
We have established that semiclassical solutions can be constructed for kinetic MHD eigenmodes in three-dimensional plasmas: we believe this is a new result. We then demonstrated how new techniques in the semiclassical analysis of nonintegrable systems can be applied to stellarators. The semiclassical techniques developed here are not precisely accurate for the most unstable modes, which typically have wavelength approximately equal to the scale length of the regions they propagate in. However, they should give good estimates of the approximate amount of drift stabilization to be expected and the approximate value of β where the instability becomes active. Qualitatively, the result is as expected: configurations with small regions of ballooning instability with low maximum growth rate are expected to be strongly stabilized by FLR effects.
We have demonstrated that fairly straightforward semiclassical quantization can be applied to the waves of the drift stabilized MHD ballooning formalism, even when half of the phase space is ergodic. The effect of ergodicity was shown to be unimportant for the quantization of the first few modes. In fact, the marginal stability result could have been derived using a simple two time-period analysis. The difficulty here was to extract the regular behaviour of the system from the chaotic corrections: we utilized a technique based on quantities on periodic orbits. It is possible that chaos may be important for stable plasma waves which feel the details of the semiclassical dynamics more strongly, but this has not been examined here.
Even the cases with c > 2, which have almost their entire phase space ergodic, are not truly examples of 'hard chaos' as there are still stable fixed points and nested tori present in the phase space. This is typical of physical systems; the examples of systems with rigorous hard chaos are few and far between. It is therefore not necessarily appropriate (and certainly not easy) to apply Gutzwiller's trace formula to quantize these systems. However, because there is no strong separation of timescales in these systems, we can be confident that the Weyl formula will give a reasonable estimate for the first unstable mode, and we have demonstrated how this can be applied.
The effects of toroidal localization will be important when I 2 I 1 . In the separable case the phase integrals are approximately equal to the area of the projection of the constant ω surfaces onto the (q, k q ) and (α, k α ) planes, respectively; the inequality can then be rewritten q * θ * k 2α * (where the starred quantities give the typical extent of the unstable region in q, θ k and α). In this case, I 1 is the more difficult quantization condition to satisfy and will control the value of drift stabilization required for marginal stability. In the original H-1NF model we found I 1 2I 2 for frequencies near marginally stability so the effects of toroidal localization were of similar importance to the effects of poloidal localization: this may also be true for other strongly shaped configurations. Modes which are not toroidally localized have an effective α * 2π compared with α * 2π/(# of field periods) for localized modes, so that this toroidal quantization is much more difficult to satisfy for toroidally localized modes, even if they can propagate over most of a field period. As a consequence, the first modes to become unstable may be marginally toroidally localized.
The drift stabilization effect is expected to have significant physical consequences for fusion experiments. For example, the LHD stellarator often operates in regimes predicted to be unstable in the ideal MHD limit, but MHD activity is not generally observed in such configurations [22] : it is possible that the diamagnetic drift effects are sufficient to completely stabilize the device [23] . The analysis of such configurations is an obvious candidate for future investigation.
